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, absolute $\mathbb{C}^{n}$ ,
. [10] , $\mathbb{C}^{2}$ absolute norm von
Neumann-Jordan . , $\mathbb{C}^{n}$ absolute norm
([11]). , – $\psi$
, [9], [4], [8] ,
– , non-square , Smooth , smooth
.
, \psi - $U$-convexity .
Dhompongsa-Kaewkhao-Saejung [3] $X\oplus_{\psi}\mathrm{Y}$ $U$-convexity ,
$\mathrm{n}$ $\psi$- $U$-convexity .
$X$ , $X$ $S_{X}=\{x\in X:||x||=1\}$ . $x\neq 0$
$X$ $x$ , $x$ nomlng function $D(X, x)\dot{\text{ }}$ . , $D(X, x)=$
$\{f\in S_{X}\cdot : f(x)=||x||\}$ .
Definition 1.1 ([5]) $X$ $U$ -space , $\epsilon>0$
, $\delta>0$ , .
$\forall x,$ $y\in S_{X}$ , $||x+y||>2(1-\delta)\Rightarrow f(y)>1-\epsilon$ , $\forall f\in D(X, x)$ .
Deflnition 1.2 ([3]) $X$ $u$ -space f $||x+y||=2$
$x,$ $y\in Sx$ $D(X, x)=D(X, y)$ .
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2Absolute norms and $\psi$-direct sums
$\mathbb{C}^{n}$
$||\cdot||l\grave{\grave{>}}$ absolute
$||(|x_{1}|, |x_{2}|, \cdots, |x_{n}|)||$ $=||(x_{1}, x_{2}, \cdots, x_{n})||$ $\forall(x_{1},x_{2}, \cdots, x_{n})\in \mathbb{C}^{n}$
. $||\cdot||$ normalized
$||(1,0, \cdots, 0)||=||(0,1,0, \cdots, 0)||=\cdots=||(0, \cdots, 0,1)||=1$ .
. $P_{\mathrm{p}}- \mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{s}||\cdot||_{P}$ absolute normalized :
$||(x_{1},x_{2}, \cdots, x_{n})||_{p}=\{$
$(|x_{1}|^{p}+\cdots+|x_{n}|^{\mathrm{p}})^{1/p}$ if $1\leq p<\infty$ ,
$\max(|x_{1}|, \cdots, |x_{n}|)$ if $p=\infty$ .
$AN_{n}$ $\mathbb{C}^{n}$ absolute normahzed norm . $\mathbb{C}^{2}$ absolute normalized
norm Bonsall-Duncan ([2]) , .
$||\cdot||\in AN_{2}$
$\psi(t)=||(1-t, t)||$ $(0\leq t\leq 1)$ .
. ,\psi $[0,1]$
$\psi(0)=\psi(1)=1$ , $\max\{1-t,t\}\leq\psi(t)\leq 1$
. , $\Psi_{2}$ .
Theorem 2.1 ([10]) $AN_{2}$ $\Psi_{2}$ , 1 1 . ,
$\psi\in\Psi_{2}$ ,
$||(z,w)||_{\psi}=$
, $||\cdot||\psi\in AN_{2}$ $\psi(t)=||(1-t, t)||_{\psi}(0\leq t\leq 1)$ .
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,\ell p $\psi_{p}(t)=\{(1-t)^{\mathrm{p}}+t^{p}\}^{1/p}$ . ,
$\ell_{\mathrm{p}}$ absolute normalized .
- - [11] $\mathbb{C}^{n}$ absolute norm .
$\Delta_{n}=\{(s_{1}, s_{2}, \cdots, s_{n-1})\in \mathrm{R}^{n-1} : s_{1}+s_{2}+\cdots+s_{n-1}\leq 1, S:\geq 0(\forall i)\}$ .
. $||\cdot||\in AN_{n}$ ,
$\psi(s)=||(1-s_{1}-s_{2}-\cdots-s_{n-1}, s_{1}, \cdots, s_{n-1})||$ $(\forall s=(s_{1}, \cdots, s_{n-1})\in\Delta_{n})$
, $\psi$ $\Delta_{n}$ , .
$(A_{0})$ $\psi(0, \cdots,0)$ $=\psi(1,0, \cdots, 0)=\cdots=\psi(0, \cdots, 0,1)=1$ ,
$(A_{1})$ $\psi(s_{1}, \cdots, s_{n-1})$ $\geq$ $(s_{1}+ \cdots+s_{\mathrm{n}-1})\psi(\frac{s_{1}}{s_{1}+\cdots+s_{n-1}}, \cdots, \frac{s_{n-1}}{s_{1}+\cdots+s_{n-1}})$ ,
$(A_{2})$ $\psi(s_{1}, \cdots, s_{n-1})$ $\geq$ $(1-s_{1}) \psi(0, \frac{s_{2}}{1-s_{1}’},\cdot .. , \frac{s_{n-1}}{1-s_{1}})$ ,
$(A_{n})$ $\psi(s_{1}, \cdots, s_{n-1})$ $\geq$ $(1-s_{n-1}) \psi(\frac{s_{1}}{1-s_{n-1}}, \cdot.., \frac{s_{n-2}}{1-s_{n-1}},0)$ .
$\Psi_{n}$ $\Delta_{n}$ $(A_{0}),$ $(A_{1}),$ $\cdots$ , $(A_{n})$ . $\ell_{p}$-norm
.
$\psi_{p}(s_{1}, s_{2}, \cdots, s_{n-1})=\{\max(1-\cdot\sum_{=1}^{n-1}.s_{i},$$s_{1}((1- \sum|=1s_{1}-1.)^{\mathrm{p}}n+s_{1}^{\mathrm{P}},+..:_{s_{n-1})}.,\cdot+s_{n-1}^{p})^{1/p}\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{f}p=\infty 1\leq p<$
.
$\infty$ ,
Theorem 2.2 ([11]) $||\cdot||\in AN_{n}$ ,
$\psi(s)=||(1-s_{1}-s_{2}-\cdots-s_{n-1}, s_{1}, \cdots, s_{n-1})||$ $(\forall s=(s_{1}, \cdots, s_{n-1})\in\Delta_{n})$ (1)
$\psi\in\Psi_{n}$ . , $||\cdot||\in AN_{n}$ ,
$||(x_{1}, \cdots, x_{n})||_{\psi}=$
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, $||\cdot||\psi\in AN_{n}$ , (1) . , $AN_{n}$ $\Psi_{n}$ , 1
1 .
$\psi$- . $\psi\in\Psi_{n}$ . $X_{1},$ $X_{2}$ , $\cdot$ . . , $X_{n}$
. $X_{1}\oplus X_{2}\oplus\cdots\oplus X_{n}$




if $(x_{1}, \cdots, x_{n})\neq(0, \cdots, 0)$ ,
$0$ if $(x_{1}, \cdots, x_{n})=(0, \cdots, 0)$ .
. $X_{1},$ $X_{2},$ $\cdots,$ $X_{n}$ $(X_{1}\oplus X_{2}\oplus\cdots\oplus X_{n})_{\psi}$
.
Example $2.\bm{3}1\leq P\leq\infty$ $(X_{1}\oplus X_{2}\oplus\cdots\oplus X_{n})_{\psi_{\mathrm{p}}}=(X_{1}\oplus X_{2}\oplus$
$...\oplus X_{n})_{p}$ .
Example 2.4 $1\leq q<p\leq\infty,2^{1/p-1/q}<\lambda<1$ $\text{ },\psi_{\mathrm{p},q,\lambda}=\max\{\psi_{p}, \lambda\psi_{q}\}\in$
$\Psi$ . $X\oplus\psi_{p,q,\lambda}\mathrm{Y}$
$||(x,y)||_{\psi_{p.q,\lambda}}= \max\{||(x, y)||_{\mathrm{p}}, \lambda||(x, y)||_{q}\}$
.
Example 2.5 $1/2\leq\alpha\leq 1$ .
$\psi_{\alpha}(t)=\{$
$\frac{\alpha-1}{\alpha}t+1$ if $0\leq t\leq\alpha$ ,
$t$ if $\alpha\leq t\leq 1$ .




Theorem 2.6 ([4, 12]) $X_{1},$ $X_{2},$ $\cdots,$ $X_{n}$ , $\psi\in\Psi_{n}$ .
,
(i) $(X_{1}\oplus X_{2}\oplus\cdots\oplus X_{n})_{\psi}$ $X_{1},$ $X_{2},$ $\cdots,$ $X_{n}$ $\psi$
$\Delta_{n}$ .
$(\mathrm{i}\mathrm{i})(X_{1}\oplus X_{2}\oplus\cdots\oplus X_{n})_{\psi}$ – $X_{1},$ $X_{2},$ $\cdots,$ $X_{n}$ – $\psi$
$\Delta_{n}$ .
$\psi\in\Psi_{n}$ , $\mathbb{R}^{n-1}$ $\tilde{\psi}$
$\overline{\psi}(t)=\sup\{\psi(s)+(a,$ $t-s\rangle$ : $\psi(s)+\langle a,’ p_{j}a\in\partial\psi(s)s=(s_{1},s_{2},\cdot\cdot -,s\rangle\geq 0\mathrm{f}\mathrm{o}\mathrm{r}j\in I_{n}s_{n-1})\in\Delta_{n},\}$
$(j)$
. , $Po=(0,0,0, \cdots, 0),$ $p_{j}=(0,0, \cdots, 0,1,0,0, \cdots, 0)\in\Delta_{n},j=$
1, 2, .. . , $n-1,$ $I_{n}=\{0,1, \cdots, n-1\}$ .
Proposition 2.7 $\psi\in\Psi_{n}$ . ,
(i) $t\in\Delta_{\mathrm{n}}$ , $\tilde{\psi}(t)=\psi(t)$
(ii) $\overline{\psi}$ $\mathrm{R}^{\mathrm{n}-1}$ .
Remark 2.8 $\psi\in\Psi_{2}$ . ,
$\overline{\psi}(t)=$
Theorem 2.9 $([7|)X_{1},$ $X_{2},$ $\cdots,$ $X_{n}$ , $\psi\in\Psi_{n}$ . ,




Dhompongsa-Kaewkhao-Saejung [3] $(X\oplus \mathrm{Y})_{\psi}$ $U$-convexity ,
$\mathrm{n}$ $\psi$- $U$-convexity .
$(X\oplus Y)_{\psi}$ $U$-convexity . ,
Bonsall-Duncan [2] $(\mathbb{C}^{2}, ||\cdot||\psi)$ normlng functional
. $\psi\in\Psi_{2}$ , $x(t)$
$x(t)= \frac{1}{\psi(t)}(1-t, t)$ .
.
Lemma 3.1 (Bonsall-Duncan [2]) $\psi\in\Psi_{2}$ $t\in[0,1]$
$D(\mathbb{C}^{2}, x(t))=1^{\{}$$\{$ : $a\in\partial\tilde{\psi}(t)\}$ , if $0<t<1$ ,
$\{$ : $a\in\partial\tilde{\psi}(1),$ $|c|=1\}$ , if $t=1$
.
Theorem 3.2 $(\mathrm{D}\mathrm{h}\mathrm{o}\mathrm{m}\mathrm{p}\mathrm{o}\mathrm{n}\mathrm{g}\mathrm{s}\mathrm{a}-\mathrm{K}\mathrm{a}\mathrm{e}\mathrm{w}\mathrm{k}\mathrm{h}\mathrm{a}\propto \mathrm{S}\mathrm{a}\mathrm{e}\mathrm{j}\mathrm{u}\mathrm{n}\mathrm{g}[3])X,$ $Y$
. , $\psi\in\Psi_{n}.\text{ }$ . .
(i) $(X\oplus \mathrm{Y})_{\psi}\mathfrak{l}\mathrm{h}U$-space (resp. u-space).
(ii) $X,$ $\mathrm{Y}$ U-space (resp. $u$-space) $\psi$ $u$-function. f $s\neq t(0<s<$
$t<1)$ $s,$ $t\in[0,1]$ $\psi$ $[s, i]$ affine , $\psi$ $s,$ $t$ .
$(\mathbb{C}^{n}, ||\cdot||_{\psi})$ $(X_{1}\oplus X_{2}\oplus\cdots\oplus X_{n})_{\psi}$
.
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Lemma 3.3 $(\mathrm{M}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{i}-\mathrm{S}\mathrm{a}\mathrm{i}\mathrm{t}\mathrm{o}-\mathrm{S}\mathrm{u}\mathrm{z}\mathrm{u}\mathrm{k}\mathrm{i}[8])\psi\in\Psi_{n}$ .
$t=(t_{1}, t_{2}, \cdots, t_{n-1})\in\Delta_{n}$
, $x(t)$
$x(i)= \frac{1}{\psi(t)}(1-t_{1}-t_{2} -...-t_{n-1},t_{2}, \cdots,t_{n-1})\in \mathbb{C}^{n}$
.
$D(\mathbb{C}^{n}, x(t))$
$=$: $a\in\partial\varphi(t)\theta_{j}\in[0,2\pi’)\theta_{j}=0forj\in I_{n}forj\in I_{n}witht_{j}=0witht_{j}>0’\}$
Lemma , .
Definition 3.4 $\psi\in\Psi_{n}$ $u$-function $\mathfrak{l}\mathrm{h}$ , $s\neq t$ $s,$ $t\in\Delta_{n}$
, $\psi$ $[s,t]$ affine , $\partial\overline{\psi}(s)=\partial\tilde{\psi}(t)$ .
Theorem 3.5 (Mitani [6]) $\psi\in\Psi_{n}$ . .
(i) $(\mathbb{C}^{n}, ||\cdot||_{\psi})$ la $U$-space (resp. u-space).
(\"u) $X_{1},$ $X_{2},$ $\cdots,$ $X_{n}$ IS $U$-space (resp. $u$-space) $\hslash\}^{z}\supset\psi\}\mathrm{h}$ u-function.
, $\mathrm{n}$ $(X_{1}\oplus X_{2}\oplus\cdots\oplus X_{n})_{\psi}$
Lemma .
Lemma 3.6 $(\mathrm{M}\mathrm{i}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{i}-\mathrm{O}\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{r}\mathrm{c}\succ \mathrm{S}\mathrm{a}\mathrm{i}\mathrm{t}\mathrm{o}[7])X_{1},$ X_{2},$ $\cdots,$ $X_{n}$ .




$=\{(a_{1}f_{1}, \cdots, a_{n}f_{n})$ : $f_{i}.\in S_{X}f:oriwithx_{i}=0f_{1}\in D(X_{i},x_{i})foriwithx_{*}\neq 0(a_{1}, \cdots, a_{n})\in D(\mathbb{C}^{n},(||x_{1}|.|,\cdots.’||x_{n}||))\}$ .
Theorem 3.7 (Mitani [6]) $X_{1},$ $X_{2},$ $\cdots,$ $X_{n}$ . , $\psi\in\Psi_{n}$
. .
(i) $(X_{1}\oplus X_{2}\oplus\cdots\oplus X_{n})_{\psi}\}\mathrm{h}U$-space (resp. u-space).
(ii) $X_{1},X_{2},$ $\cdots,X_{n}$ I2 $U$-space (resp. $u$-space) $t1^{\prime\supset\psi}|\mathrm{h}$ u-function.
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